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With the attempt to find the holographic description of usual acoustic black holes in
fluid, we construct an acoustic black hole formed in the d-dimensional fluid located at the
timelike cutoff surface of a neutral black brane in asymptotically AdSd+1 spacetime, the bulk
gravitational dual of the acoustic black hole is presented at first order of the hydrodynamic
fluctuation. Moreover, the Hawking-like temperature of the acoustic black hole horizon is
showed to be connected to the Hawking temperature of the real AdS black brane in the
bulk, and the duality between the phonon scattering in the acoustic black hole and the
sound channel quasinormal mode propagating in the bulk perturbed AdS black brane is
extracted. We thus point out that, the acoustic black hole appeared in fluid, which was
originally proposed as an analogous model to simulate Hawking radiation of the real black
hole, is not merely an analogy, it can indeed be used to describe specific properties of the
real AdS black holes, in the spirits of the fluid/gravity duality.
∗Electronic address: gexh@shu.edu.cn
†Electronic address: sunjiarui@sysu.edu.cn
‡Electronic address: ytian@ucas.ac.cn
§Electronic address: wuxn@amss.ac.cn
¶Electronic address: zhangyunlong@ntu.edu.tw
2Contents
I. Introduction 2
II. Acoustic metric from non-relativistic fluid 5
A. Inviscid acoustic black brane 5
B. Viscous acoustic black brane 7
III. Acoustic black brane from relativistic fluid 7
IV. Holographic derivation of acoustic black holes 9
A. Stress tensor of the fluid at cutoff surfaces 11
B. Acoustic black hole from fluid at the cutoff surface 12
C. Perturbations from the bulk side 15
D. Temperature of acoustic black hole vs. temperature of real black hole 17
E. The sound mode/scalar quasinormal mode duality 18
V. Conclusions and discussions 20
Acknowledgement 21
A. First order metric corrections 22
B. 3-dimensional relativistic rotating acoustic black hole 22
References 23
I. INTRODUCTION
Searching for the relationship between gravity and fluid has a long history. The original study
dates back to the the late 1970s, during which the black hole membrane paradigm was developed
[1] (see also [2, 3]). It was showed that in the membrane paradigm formalism, the black hole can
be regarded as an viscous fluid living on the null or timelike surface (membrane) on or outside
its horizon, while the membrane actually acts as a boundary or a cut-off surface of the black
hole spacetime with appropriate boundary conditions and it captures information which can be
used as an effective description of the physics inside itself. Later on, Unruh showed that, for the
nonrelativistic, irrotational inviscid moving fluid, the equation of motion governing the dynamics
3of the sound mode (phonons) can be expressed as a massless Klein-Gorden equation in an effective
spacetime background containing the sonic horizon when the local fluid velocity exceeds the speed
of sound, which resembles the real black hole. Consequently, a Hawking-like temperature can be
defined for the sonic horizon analogous to the real black hole, so it was named as the acoustic black
hole [4]. However, although the acoustic black hole possesses many characteristics that resemble
the real black hole system, it seems that its dynamics, governed by the Euler or the Navier-Stokes
equation and equation of continuity (for relativistic fluid, the EoMs are conservation equations),
has nothing to do with that of the latter, determined by the Einstein equation (plus dynamical
equations of the background matter fields). Therefore, the acoustic black hole was merely regarded
as an analogous gravitational model to mimic the phenomena in real gravitational systems, and
the testing of Hawking-like radiation in acoustic black holes doesn’t mean the detecting of the
Hawking radiation from real black holes. Even though, topics on analogous gravity still received
much attention during the past years, both theoretically and experimentally, with the attempt to
obtain some insights for studying the real gravitational systems, for example, the emergence of
acoustic black hole from the Bose-Einstein condensation [5, 6], the superfluid helium-3 and other
cold bosonic systems [7], and from the superconductors [8, 9], e.g., see an nice up-to-date review
[10] and references therein.
An interesting question is, can we add new interpretations to the word “analogous”, e.g., can we
really gain the information of a real black hole from an acoustic black hole made in the laboratory?
The answer is probably yes. When taking the holographic principle into account, it is natural
to expect that there exists a bulk holographic description of the acoustic black hole emerged
from the fluid on the boundary in the context of the fluid/gravity correspondence [16–18] (which
is the low frequency and long wavelength version of the gauge/gravity duality [11–15]) . More
specifically, we can ask what will happen in the bulk black hole when the supersonic phenomenon
appears in its dual fluid system (or any finite temperature interacting field theory in the long time
and long wavelength limit) on the boundary of the asymptotically AdS spacetime? According
to the fluid/gravity correspondence, the fluid located at the asymptotic boundary has the same
temperature and entropy with those of its dual bulk black hole. Furthermore, it was showed that
the Navier-Stokes equation of the boundary fluid is also dual to the long wavelength behavior of
the Einstein equation of the bulk gravity [19, 20]. Hence, when an acoustic black hole forms in
the boundary fluid, besides matching of the fluid temperature and the entropy with those of its
corresponding bulk black hole (note that the temperature of the acoustic horizon, determined by
the gradient of the fluid velocity at the acoustic horizon, is different with the temperature of the
4fluid, while their relation is determined by the EoMs of the fluid), its dynamics can also in principle
be fully determined from the dynamics of the bulk gravitational theory, and the linearized normal
mode fluctuations of the boundary fluid (which are described by the sound mode, shear mode and
the transverse traceless mode) correspond to the linearized perturbations of the dual bulk gravity
and gauge fields (which are the scalar mode, vector mode and the tensor mode in the long time and
long wavelength limit together with the quasinormal mode boundary condition), respectively [21].
Thus, for a compressible fluid on the boundary or cutoff surface of the AdS black brane, there should
exist a phonon/scalar quasinormal mode correspondence. Now that the phonon also propagates
into the acoustic black hole emerging from the fluid, it is expectable that the acoustic black hole
can probably be related to or mapped to a real black hole in the asymptotically AdS spacetime.
In this paper, we give the derivation to construct a d-dimensional acoustic black brane formed in
the fluid located at the finite timelike cutoff surface in an neutral black brane in asymptotically
AdSd+1 spacetime
1, in the spirit of the Wilsonian approach to the fluid/gravity correspondence
[23–26]. We show that, the acoustic black hole geometry can be obtained from the correspondence
between the dynamics which govern the fluid and the gravity, namely, the equivalence between
the conservation equation of fluid at cutoff surface and the constraint equations of the Einstein
equation of bulk AdS black brane. Besides, the Hawking-like temperature of the acoustic black
hole horizon can indeed be connected to the real Hawking temperature of its dual bulk AdS black
brane, which may give strong supports to various studies on detecting the Hawking-like radiation
from the acoustic black hole. Furthermore, we also find that the normal mode excitation in the
acoustic black hole-the phonon, is dual to the sound channel of the quasinormal mode in the bulk
AdS black brane with first order hydrodynamic fluctuations. Based on these results, the acoustic
black hole can indeed be used to study certain bulk gravitational (plus the possible bulk matter
fields) perturbations, i.e. the scalar quasinormal mode perturbation, and the appearance of the
supersonic phenomenon might introduce testable effect in its dual bulk AdS black hole. In this
sense, the acoustic black hole is no longer just an analogous model of the real black hole.
The rest parts of this paper is organized as follows. In section II, we give a brief review of the
original derivation of acoustic black holes from the general d-dimensional non-relativistic inviscid
and viscous fluid, respectively. In section III, we obtain the acoustic black holes in the relativistic
fluid with first order dissipations. Then in Section IV, we present a holographic realization of
1 Preliminary attempt on the related problem see, [22], where an acoustic black hole in 4-dimensional conformal
ideal fluid at the AdS boundary was analyzed.
5d-dimensional acoustic black hole formed in fluid at finite timelike cutoff surface in asymptotically
AdSd+1 spacetime, based on the fluid/gravity correspondence. Various properties of the holo-
graphic acoustic black hole are studied. Especially, we show its dual bulk gravitational geometry,
determine the relation between temperature of the acoustic horizon and that of the dual real black
hole horizon, and show there is a duality between the phonon in the acoustic balck hole and the
scalar quasinormal mode of the bulk AdS black brane. The conclusions and discussions are drawn
in Section V. In the appendix A and B, we list the explicit form of the first order metric corrections
to the bulk AdS black brane and a 3-dimensional holographic relativistic rotating acoustic black
hole at the cutoff surface, respectively.
II. ACOUSTIC METRIC FROM NON-RELATIVISTIC FLUID
A. Inviscid acoustic black brane
For the non-relativistic d-dimensional convergent locally vorticity free (irrotational) neutral and
inviscid fluid moving in the Minkowski spacetime, its dynamics is governed by the Euler equation
and the equation of continuity
ρ (∂t~v + ~v · ∇~v) = −∇p− ρ∇Φ,
∂tρ+∇ · (ρ~v) = 0, (1)
where Φ is the potential field of the external force such as the Newtonian gravitational field. Since
∇ × ~v = 0, the velocity can be described by the gradient of a potential field, i.e. ~v = ∇ψ.
Considering small hydrodynamic fluctuations of the background fluid up to linear order while
keeping the external force potential Φ fixed 2
ξ = ξ¯ + δξ and ψ = ψ¯ + δψ, (2)
where ξ = ln ρ. Then the EoM of the sound wave (phonon) is just the Klein-Gorden equation of a
massless scalar field
1√−g¯ ∂µ
(√−g¯g¯µν∂νδψ) = 0 (3)
propagating in an effective acoustic geometry background [4]
ds2ac =
(
ρ¯
cs
) 2
d−2
(
− (c2s − ~¯v2)dt2 − 2v¯idxidt+ dxidxi
)
, (4)
2 Note that this linearized perturbation is different with the derivative expansion of the hydrodynamic variables,
which will not alter the configuration of the background fluid, namely, the background fluid is still the ideal fluid.
6where
√−g¯ = ρ¯ dd−2 c
−2
d−2
s , ~¯v2 = v¯iv¯jδ
ij , cs is the speed of sound, and
g¯µν =
1√−g¯


− ρ¯c2s −
ρ¯
c2s
v¯i
− ρ¯
c2s
v¯j
ρ¯
c2s
(
c2s δij − v¯iv¯j
)

 . (5)
Furthermore, making the coordinate transformation
t = τ −
∫
v¯i
c2s − ~¯v2
dxi, (6)
where the vorticity free condition ensures that d2 acting on both sides of eq.(6) give the same
results, i.e. the zeros. The effective background eq.(4) becomes to
ds2ac =
(
ρ¯
cs
) 2
d−2
(
− (c2s − ~¯v2)dτ2 +
v¯iv¯j
c2s − ~¯v2
dxidxj + dxidxi
)
=
(
ρ¯
cs
) 2
d−2
(
− c
2
s
γ2s
dτ2 + P sijdx
idxj
)
, (7)
where γs = 1/
√
1− ~¯v2/c2s , u¯i = γsv¯i/cs and the projecting operator is P sij = δij + u¯iu¯j. In the
spatially flat case, we can choose the coordinates such that the fluid velocity only has the z−th
component, i.e. v¯i = v¯z, where z ≡ xd−1, then we have
ds2ac =
(
ρ¯
cs
) 2
d−2
(
−(c2s − v¯2z)dτ2 +
v¯2z
c2s − v¯2z
dz2 + dxidxi
)
=
(
ρ¯
cs
) 2
d−2
(
−(c2s − v¯2z)dτ2 +
c2s
c2s − v¯2z
dz2 + dxadxa
)
, (8)
where the spatial index a runs from 1 to d−2. The acoustic black brane appears when the local fluid
velocity v¯z exceeds the speed of sound cs, let us further require that the fluid velocity only depends
on the coordinate z and it becomes equal to cs at z = zsh, in the linear order approximation, we
can expand v¯z as
v¯z = cs +
∂v¯z
∂z
∣∣∣∣
zsh
(z − zsh) ≡ cs − κ(z − zsh), (9)
requiring κ > 0, thus when z ≤ zsh, v¯z ≥ cs, consequently, phonons cannot escape from the region
z ≤ zsh and zsh is the location of the sonic horizon (where we have chosen the fluid velocity to be
along the direction of −z). Then the near acoustic horizon geometry of the acoustic black brane is
ds2ac =
(
ρ¯
cs
) 2
d−2
(
−2κcs(z − zsh)dτ2 + cs
2κ(z − zsh)dz
2 + dxadxa
)
, (10)
which resembles the near horizon geometry of the real black hole and can be further written in the
Rindler spacetime. The temperature of the acoustic black hole is just
Tsh =
∣∣∣ κ
2π
∣∣∣ = 1
2π
∣∣∣∣∂v¯z∂z
∣∣∣∣
zsh
. (11)
7B. Viscous acoustic black brane
The acoustic black hole can also be generalized into the viscous fluid, see [27], in which the
4-dimensional fluid with shear viscosity was discussed. Here we consider the general d-dimensional
viscous fluid with both the shear and bulk viscosities. The dynamics of such fluid is described by
the Navier-Stokes and the conservation equations
ρ (∂t~v + ~v · ∇~v) = −∇p+ η∇2~v +
(
d− 3
d− 1η + ζ
)
∇(∇ · ~v)− ρ∇Φ,
∂tρ+∇ · (ρ~v) = 0. (12)
where η is the shear viscosity and ζ is the bulk viscosity of the fluid.
Similar to the inviscid fluid case, the EoM of the sound mode can be derived from taking the
linearized hydrodynamic perturbations eq.(2) to the fluid, then
δψ =
1√−g¯ ∂µ
(√−g¯g¯µν∂νδψ) = −
(
2d− 4
d− 1 η + ζ
)(
cs
ρ¯
) 2
d−2 1
c2s
(∂t + ~¯v · ∇)∇2δψ, (13)
which is a modified Klein-Gorden equation with higher derivative corrections, where ∇2 = ηij∂i∂j .
However, the effective acoustic spacetime in which the sound modes propagate is the same as eq.(4).
In the Eikonal approximation δψ = a(x) exp(−iωt + i~k · ~x) (in which a(x) varies slowly with
respect to x), the dispersion relation of the sound mode obtained from the viscous acoustic black
brane is
ω2 − 2~k · ~¯vω +
(
c2s
~k2 − (~k · ~¯v)2
)
= i
(
2(d− 2)
d− 1 ν + µ
)(
~k · ~¯v − ω
)
~k2 (14)
⇒ ω = ~k · ~¯v ±
√
c2s
~k2 −
(
(d− 2)
d− 1 ν +
µ
2
)2
(~k2)2 − i
2
(
2(d− 2)
d− 1 ν + µ
)
~k2
= ~k · ~¯v ± csk − i
2
(
2(d− 2)
d− 1 ν + µ
)
~k2 ∓ 1
2cs
(
(d− 2)
d− 1 ν +
µ
2
)2
~k2k +O(k4), (15)
where k = |
√
~k2|, and ν = ηρ¯ and µ = ζρ¯ are the kinematic viscosities.
III. ACOUSTIC BLACK BRANE FROM RELATIVISTIC FLUID
The above acoustic black hole description of non-relativistic fluid can be accordingly generalized
into the relativistic hydrodynamics, see e.g., the cases for ideal fluid in [28, 29]. We will extend
the discussion into relativistic fluid with dissipations. For the d−dimensional neutral relativistic
viscous fluid flowing in a curved spacetime, its stress tensor (in the first order expansion of the
8temperature and velocity fields) is
T µν = ǫuµuν + pPµν − 2ησµν − θζPµν, (16)
where
σµν = PµαP νβ
(
∇(αuβ) −
θ
d− 1Pαβ
)
and θ = ∇λuλ (17)
are the shear tensor and expansion associated with the velocity fields uα and Pµν = uµuν + gµν .
The EoMs are obtained by projecting the conservation equation ∇µT µν = 0 along the longitudinal
direction (equation of continuity)
∇µ(ǫuµ) + p∇µuµ + η
(
(uα∇αuν)(uβ∇βuν) + (∇µuα)(∇αuµ)− uν∇µ∇µuν
)
+
(
ζ − 2
d− 1η
)
(∇µuµ)2 = 0 (18)
and in the transverse direction (dynamical equation)
(ǫ+ p)uµ∇µuλ + Pµλ∇µp− η
(
(∇µuµ)(uα∇αuλ)− (uα∇αuν)(uβ∇βuν)uλ + (∇µuλ)(uα∇αuµ)
+(uµ∇µuα)(∇αuλ) + uµuα∇µ∇αuλ +∇µ∇µuλ +∇µ∇λuµ + (uν∇µ∇µuν)uλ + (uν∇µ∇νuµ)uλ
)
−
(
ζ − 2
d− 1η
)(
∇λ∇αuα + (uµ∇µuλ)(∇αuα) + (uν∇ν∇αuα)uλ
)
= 0. (19)
It is easy to see that the non-relativistic limit, namely, uα = (1, ~v), |~v| ≪ 1, p≪ ǫ, ~v dpdt ≪ ∇p and
ǫ = ρ+ 12ρ~v
2 + ρε→ ρ (ε is the internal energy density and we have set the speed of light c = 1),
together with taking the flat spacetime limit gµν → ηµν , eqs.(18)(19) reduce to the Navier-Stokes
equation and the equation of continuity eq.(12) of the non-relativistic fluid.
For the conformal fluid flowing in the conformally flat spacetime we have
ζ = 0, p =
ǫ
d− 1 , ǫ = σT
d and c2s =
1
d− 1 , (20)
the corresponding acoustic metric is the same as that for ideal fluid (up to an numerical conformal
factor) [28, 29]
ds2ac =
(
T¯ d−2
cs
) 2
d−2 (−c2s u¯µu¯ν + Pµν) dxµdxν . (21)
Like the situation in the non-relativistic fluid, the presence of viscosities will not alter the acoustic
geometry eq.(21). Instead, they will break the Lorentz symmetry of the fluid. The corresponding
EoM for the phonon is
δψ =
1√−g¯ ∂µ
(√−g¯g¯µν∂νδψ) = −
(
2d− 4
d− 1
)
η
T¯ s¯
( cs
T¯ d−2
) 2
d−2 1
c2s
u¯µ∂µ(∂λ∂
λδψ), (22)
9where ∂µψ = huµ ∝ Tuµ, with h the enthalpy density and then in the plane wave approximation
the dispersion relation is
ω = ±csk − iΓs~k2 +O(k3). (23)
where we have set the background fluid velocity ~¯u = 0 in the above equation, and
Γs =
(
d− 2
d− 1
)
η
T¯ s¯
=
(
d− 2
d− 1
)
η
ǫ¯+ p¯
(24)
is called the attenuation constant which characterize the dissipation of the fluid. The dispersion
relation eq.(23) is in accord with the result obtained from doing linearized perturbation in the
static conformal fluid [30].
IV. HOLOGRAPHIC DERIVATION OF ACOUSTIC BLACK HOLES
Although the acoustic black hole formed from the supersonic phenomena in hydrodynamics
discussed in Sec.II and Sec.III shared similar properties as those of the real black hole, it can only
be treated as a black hole analogy. Since their dynamic origins seem to have no relationship with
each other. However, as we will show in the rest part of the paper, the acoustic black hole formed
in the fluid, can indeed be mapped to a real black hole in an asymptotically AdS spacetime, based
on the fluid/gravity duality. Let’s consider the bulk d + 1 dimensional boosted asymptotic AdS
black brane with constant d-velocities uµ = γ(1, ~v) = (u0, ~u) and η
µνuµuν = −1
ds2 = H2(r)dr
2 +H1(r) (−f(r)uµuν + Pµν) dxµdxν , (25)
where the horizon is located at r = rh in which f(rh) = 0 is satisfied and Pµν = uµuν + ηµν is the
projecting operator. The boosted black brane solution is obtained by making the Lorentz boost
transformation x′µ = Lµνxν to the original static black brane
ds2 = H2(r)dr
2 +H1(r)
(−f(r)dt2 + dx2i ) , (26)
where
L00 = γ ≡ u0, L0i = γβi ≡ ui, Lij = (γ − 1)
βiβj
~β2
+ δij = (γ − 1)u
iuj
~u2
+ δij, ~β
2 = βkβk. (27)
To remove the coordinate singularity at the horizon, eq.(25) can be written in the Eddington-
Finkelstein coordinate as
ds2 = ±2
√
H1(r)H2(r)f(r)uµdx
µdr +H1(r) (−f(r)uµuν + Pµνdxµdxν) (28)
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via the coordinate transformation
dxµ → dx′µ = dxµ ± uµdr∗ = dxµ ± uµ
√
H2(r)
H1(r)f(r)
dr, (29)
in which r∗ is the tortoise coordinate, and “ + ” indicates the outgoing while “ − ” corresponds
to the ingoing coordinates. Since our purpose is to construct the holographic acoustic black hole
on the membrane moving between the bulk black brane horizon or stretched horizon and the
asymptotical boundary, so in the following analysis, we can choose the boosted black brane metric
either in eq.(25) or in eq.(28) as the bulk background.
From the fluid/gravity duality, the temperature T and entropy S of the fluid are identical to
the Hawking temperature TH and entropy SBH of the dual bulk black brane, which are respectively
T = TH =
f ′
√
H1
4π
√
fH2
∣∣∣∣
rh
and S = SBH =
(H1(rh))
d−1
4Gd+1
∫
dd−1x. (30)
At the cutoff surface r = rc, the reduced fluid velocity contains a redshift factor as [31] (note that
when the hydrodynamic fluctuations are taken into account, the fluid velocity can become slowly
varying functions with respect to the spacetime)
u˜µ(rc) =
√
f(rc)uµ, (31)
and the temperature measured by local observers on the membrane r = rc is
Tc =
TH√
f(rc)
≥ TH. (32)
For the asymptotical neutral AdSd+1 black brane we have
H1(r) =
r2
L2
, f(r) = 1− r
d
h
rd
and H2(r) =
1
f(r)H1(r)
, (33)
then the temperature and the entropy volume density of the dual boundary field theory are
TH =
rhd
4πL2
and s =
rd−1h
4Gd+1Ld−1
=
1
4Gd+1
(
4πTHL
d
)d−1
, (34)
respectively. In addition, from the first law of thermodynamics
dǫ = Tds, (35)
the energy density of the dual boundary field theory is
ǫ =
(d− 1)rdh
16πGd+1Ld+1
, (36)
and the Euler relation
ǫ+ p = Ts with p =
rdh
16πGd+1Ld+1
(37)
is satisfied at the asymptotical boundary of the AdSd+1 spacetime.
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A. Stress tensor of the fluid at cutoff surfaces
The renormalized holographic stress tensor Tcµν on the cutoff surface Σc(r = rc) can be obtained
from the Brown-York formalism [32–34], for the spacetime background in eq.(25), it is
Tcµν = − H
d
2
1
8πGd+1
(
Kˆcµν − γˆµνKˆc + (d− 1) γˆµν
L
+ · · ·
)
, (38)
where the induced extrinsic curvature
Kˆcµν =
1
2H1(rc)
1√
H2(rc)
∂rγµν(rc), (39)
and γµν(rc) = H1(rc)γˆµν is the induced metric on the timelike cutoff surface and T
µν
c = γµαγνβTcαβ .
While “· · · ” represent higher derivative terms constructed from the induced metric in order to
cancel the UV divergences and theses higher curvature terms vanish for the spatially flat case
considered here.
Let’s consider the bulk neutral black AdSd+1 brane, using eq.(33), then the holographic stress
tensor at the cutoff surface can be expressed as that for the ideal fluid [35]
Tcµν = ǫcu˜µu˜ν + pcPµν , (40)
where energy density and pressure at the cutoff surface are respectively
ǫc =
(d− 1)rdc
8πGd+1Ld+1
(
1−
√
f(rc)
)
and pc = −ǫc + r
d
hd
16πGd+1Ld+1
√
f(rc)
, (41)
which means that the Euler relation
Tcsc = ǫc + pc (42)
and the first law of thermodynamics
δǫc = Tcδsc, (43)
are still held at the cutoff surface r = rc when the fluid is isentropic, where the entropy density
sc of fluid at the cutoff surface is the same as that of the fluid at the AdS boundary, i.e. sc = s
and the variation δ is acting on the horizon radius rh. Then the speed of sound of the fluid at the
cutoff surface can be computed directly via
cˆ2s =
δpc
δǫc
∣∣∣∣
r=rc
=
1
d− 1 +
d
2(d − 1)
rdh
rdcf(rc)
= c2∞ +
d
2(d− 1)
1− f(rc)
f(rc)
, (44)
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where c∞ =
√
1/(d − 1) is the value of the speed of sound of the d-dimensional conformal fluid. It
can be seen that the speed of sound is a monotonically decreasing function of rc which runs along
the radial direction from the value cˆs =∞ at the black hole horizon rc = rh to cˆs =
√
1/(d − 1) at
rc →∞, which indicates that the fluid is incompressible when the cutoff surface or the membrane
is chosen at the horizon while it becomes compressible when rc > rh.
B. Acoustic black hole from fluid at the cutoff surface
From the fluid/gravity duality, the conservation equation of the fluid at the cutoff surface is
equivalent to the constraint equation of rµ components of the bulk Einstein equation. Then the
acoustic metric of the fluid at the cutoff surface can be constructed from perturbing the longitudinal
mode of the conservation equation u˜ν∇cµT µcν = 0,
∇cµ (ǫcu˜µ) + pc∇cµ (u˜µ) = 0, (45)
and the transverse mode P νλ∇cµT µcν = 0, i.e.
Pµλ∇cµpc + (ǫc + pc) u˜µ∇cµu˜λ = 0, (46)
where ∇cµ is the covariant derivative compatible with the induced metric γµν at the cutoff surface
and we have used the normalized condition γµν u˜µu˜ν = −1. In addition, we have required that the
stress tensor T µνc at the cutoff surface still to have the form of the ideal fluid, although u˜ν , ǫc and pc
became slowly varying functions of xα. Generally speaking, from the bulk gravity side, such kind
of hydrodynamic fluctuations will cause T µνc to be modified by the dissipative terms. However, as
we have discussed in Sec.III, the presence of viscosities will only modify the EoM for the phonon
by the third derivative terms and thus break the Lorentz symmetry of the fluid, while the acoustic
geometry remains the same as that of the ideal fluid. Thus at this step, we can still use the EoMs
of the ideal fluid, i.e. eqs.(45)(46) to determine the acoustic geometry.
Following the similar steps as those in the relativistic irrotational fluid [36], namely, defining
u = uµdx
µ ≡ ∇cµψ√−γαβ∇cαψ∇cβψdxµ (47)
and the vorticity free condition can be expressed as
u˜ ∧ du˜ = 0, (48)
which reduces to the non-relativistic one when the velocity does not depend on time apparently.
13
Perturbing the fluid up to the linearized order as
ψ = ψ¯ + δψ, ǫc = ǫ¯c + δǫc and pc = p¯c + δpc. (49)
Then the EoM for the phonon, i.e. the perturbation of the velocity potential, is
∂µ
(
n¯2c
ǫ¯c + p¯c
(
− 1
cˆ2s
¯˜uµ ¯˜uν + Pµν
)
∂νδψ
)
= 0. (50)
Consequently, the relativistic acoustic metric at the cutoff surface can be obtained
ds2ac =
(
n¯2c
cˆs (ǫ¯c + p¯c)
) 2
d−2 (−cˆ2s ¯˜uµ ¯˜uν + Pµν) dxµdxν , (51)
where n¯c is the zeroth order particle number density of the fluid which is proportional to the fluid
entropy density and
nc = n0 exp
∫
dǫc
ǫc + pc
, (52)
where n0 ≡ nc(pc = 0). When approaching the asymptotical boundary rc →∞, we have
ǫ∞ =
(d− 1)rdc
8πGd+1Ld+1
(
1−
√
f(rc)
) ∣∣∣∣
rc→∞
→ (d− 1)r
d
h
16πGd+1Ld+1
,
p∞ = −ǫc + r
d
hd
16πGd+1Ld+1
√
f(rc)
∣∣∣∣
rc→∞
→ r
d
h
16πGd+1Ld+1
, (53)
then eq.(51) reduces to the form in the flat spacetime case
ds2ac = ǫ
2
d
∞
(
n20
c3∞d
) 2
d−2 (−c2∞u¯µu¯ν + Pµν) dxµdxν
= T 2
(
n20σ
d−2
d
c3∞d
) 2
d−2 (−c2∞u¯µu¯ν + Pµν) dxµdxν , (54)
as in eq.(21), where σ = 14Gd+1
(
4πL
d
)d−1
. More explicitly, the acoustic geometry eq.(51) can be
written in a form as
ds2ac =
(
n¯2c
cˆs (ǫ¯c + p¯c)
) 2
d−2

− (1− γ2(1− cˆ2sf(rc))) dτ2 +

δij +
(
1
f(rc)
− cˆ2s
)
¯˜ui ¯˜uj
1− γ2(1− cˆ2sf(rc))

 dxidxj

 ,
(55)
in which
dt = dτ −
(
cˆ2s − 1f(rc)
)
¯˜u0 ¯˜ui
1 + γ2 (cˆ2sf(rc)− 1)
dxi. (56)
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Without loss of generality, one can choose the coordinate to let the fluid flowing along the xd−1 ≡ z
direction, namely, u¯µ = (γ, 0, . . . , 0, u¯z) = γ(1, 0, . . . , 0, v¯z). Thus eq.(55) reduces to
ds2ac =
(
n¯2c
cˆs (ǫ¯c + p¯c)
) 2
d−2
(
− (f(rc)cˆ2s − ¯˜u2zα2c) dτ2 + f(rc)cˆ2sf(rc)cˆ2s − ¯˜u2zα2c dz2 + dxadxa
)
, (57)
where we have defined
α2c ≡
1
f(rc)
− cˆ2s =
(d− 2)
2(d− 1)
(
1 +
1
f(rc)
)
, (58)
Then it is straightforward to check that supersonic phenomena appears or the acoustic black hole
forms when
f(rc)cˆ
2
s − ¯˜u2zα2c ≤ 0, (59)
which gives
¯˜uz ≥
√
f(rc)cˆs
αc
or ¯˜uz =
u¯z√
f(rc)
≥ v¯z√
f(rc)
≥ cˆs. (60)
For example, when the cutoff surface is taken to the AdS boundary, from eq.(59) we have
u¯z ≥ 1√
d− 2 or v¯z ≥
1√
d− 1 = c∞. (61)
Furthermore, we can write the acoustic metric eq.(57) in a more explicit form by requiring
¯˜uz = ¯˜uz(z) to be a monotonically increasing function of z (with direction along −z) and it reaches
the critical value at the acoustic horizon ¯˜uz(zsh) =
√
f(rc)cˆs
αc
≡ ˜ˆcsαc . Then expand ¯˜uz(z) around
the spacetime point (t = 0, . . . , 0, zsh) up to the linear order in a covariant form, namely, ¯˜uz(z) =
¯˜uz(zsh) + (z − zsh)∂z ¯˜uz|zsh , eq.(57) becomes
ds2ac =
(
n¯2c
cˆs (ǫ¯c + p¯c)
) 2
d−2
(
−2αc˜ˆcs|∂z ¯˜uz| (z − zsh) dτ2 +
˜ˆcs
2αc|∂z ¯˜uz| (z − zsh)
dz2 + dxadxa
)
(62)
and the temperature of the acoustic horizon is
Tsh =
αc
2π
|∂z ¯˜uz|zsh , (63)
which is related to the acceleration of the background fluid at the acoustic horizon z = zsh as
¯˜az|zsh = ¯˜uα∇cα ¯˜uz|zsh = −
2πcˆsTsh
α2c
√
f(rc)
+ ∂z ln
√
f(rc)|zsh . (64)
For convenience, we will omit the “bar” index for the background hydrodynamic variables in the
following subsections.
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C. Perturbations from the bulk side
Let us study the holographic dual of the acoustic black hole in eq.(62) from the perturbations
of the bulk black brane in eq.(25) caused by small hydrodynamic fluctuations at the cutoff surface,
and we will focus on the linearized perturbation. Recall that hydrodynamics describes states close
to the thermal equilibrium, which allows the local velocity fields as well as the local temperature
of the fluid to be slowly varying functions of the spacetime coordinates xα, namely [19, 37],
uµ → uµ(xα) and T → T (xα) (or rh → rh(xα)). (65)
These hydrodynamic fluctuations can be viewed as the variation of source terms from the fluid,
which will in turn cause backreaction to the background geometry, which indicates that, the acoustic
black hole formed in the fluid at the cutoff surface is corresponds to the bulk asymptotic AdS
black brane with first order corrections. In order to make the perturbed geometry to satisfy the
original bulk Einstein equation, additional metric corrections g
(1)
AB should be added to the perturbed
metric. To solve the fluctuations, it’s more convenient to use the metric in the ingoing Eddington-
Finkelstein coordinate and make a scaling transformation for the time coordinate t → t/
√
f(rc),
then eq.(28) becomes to
ds2 = −2 uµ(x
α)√
f (rc, rh(xα))
dxµdr +
r2
L2
((
1− f (r, rh(x
α))
f (rc, rh(xα))
)
uµ(x
α)uν(x
α) + ηµν
)
dxµdxν
+
(
g(1)µν (r, x
α)dxµdxν + 2g(1)µr (r, x
α)dxµdr + g(1)rr (r, x
α)dr2
)
, (66)
where we have chosen the background to be the AdSd+1 black brane. To compare eq.(66) with
its holographic counterpart in eq.(62), we will rotate the the coordinates to let the fluid moving
in the −z direction and further require that the local velocity fields and the local temperature of
the fluid only to be the function of the coordinate z. Then the vorticity free condition u ∧ du = 0
is automatically satisfied. In addition, since we are interested in the phenomena in the near
acoustic horizon region, we will expand uz(z) and rh(z) at the location of the acoustic horizon
(t = 0, · · · , 0, z = zsh) without loss of generality, this is similar with the usual treatments in the
fluid/gravity duality in which the hydrodynamic variables are expanded at xα = 0. Therefore, the
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non-vanishing metric components (denoted by g
(o)
AB) in the first line of eq.(66) are
g
(o)
tt =
r2
L2
[
u2t (z)
(
1− f (r, rh(z))
f (rc, rh(z))
)
− 1
]
,
g
(o)
tz = g
(o)
zt =
r2
L2
ut(z)uz(z)
(
1− f (r, rh(z))
f (rc, rh(z))
)
,
g
(o)
ab =
r2
L2
δab (with a, b 6= z),
g(o)zz =
r2
L2
[
u2z(z)
(
1− f (r, rh(z))
f (rc, rh(z))
)
+ 1
]
,
g
(o)
rt = g
(o)
tr = −
ut(z)√
f (rc, rh(z))
,
g(o)rz = g
(o)
zr = −
uz(z)√
f (rc, rh(z))
, (67)
where
uz(z) =
cˆs
αc
+ (z − zsh)
(
− 2πTsh
αc
√
f(rc)
+
dcˆsr
d−1
h
2αcf(rc)rd
∂zrh|zsh
)
,
ut(z) =
1
αcf(rc)
+ (z − zsh)
(
−2πcˆsTsh
αc
+
dcˆ2sr
d−1
h
2αc
√
f(rc)rd
∂zrh|zsh
)
,
rh(z) = rh(zsh) + (z − zsh)∂zrh|zsh ≡ rh + (z − zsh)∂zrh|zsh ,
f (r, rh(z)) = f (r, rh)−
drd−1h (z − zsh)∂zrh|zsh
rd
≡ f(r)− dr
d−1
h (z − zsh)∂zrh|zsh
rd
,
f (rc, rh(z)) = f (rc, rh)−
drd−1h (z − zsh)∂zrh|zsh
rdc
≡ f(rc)−
drd−1h (z − zsh)∂zrh|zsh
rdc
, (68)
which contain both the zeroth and the first order derivative terms of hydrodynamic fluctuations.
On the other hand, the first order metric corrections in the second line of eq.(66) can be
decomposed into the SO(d − 1) algebraically symmetric forms, after further imposing the radial
gauge g
(1)
rA = 0, they can be expressed into four independent parts as
g(1)rr (r) = g
(1)
µr (r, x
α) = 0,
g(1)µν (r, x
α) = θuµuνs1(r) +
θ
d− 1Pµνs2(r) + 2a(µuν)v(r) + σµνt(r), (69)
in which
θ = ∂µu
µ, aµ = u
ν∂νuµ and σµν = P
α
µ P
β
ν ∂(αuβ) −
θ
d− 1Pµν (70)
are respectively the expansion, acceleration and shear tensor associated with the velocity field uµ
of the dual fluid, and the index are lowered and raised by ηµν and η
µν , since the reduced metric on
the cutoff surface is flat in the rescaled coordinates. The functions si(r) (i = 1, 2), v(r) and t(r)
belong to the scalar, vector and tensor channels, respectively and will decouple with each other in
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the linearized Einstein’s equation. To determine the first order perturbed bulk geometry, we need
to substitute eqs.(67)(69) into eq.(66) and solve the linearized bulk Einstein’s equation
δRAB = − d
L2
δgAB . (71)
A natural boundary condition for solving the metric corrections are the Dirichlet boundary con-
dition at the cutoff surface, i.e. s1(rc) = s2(rc) = v(rc) = t(rc) = 0. What is more, additional
gauge should be adopted to solve eq.(71), and we use the Landau frame, in which the first order
correction of the fluid stress tensor is transverse at the timelike cutoff surfaces, i.e.
u˜µT (1)cµν = 0. (72)
The general solution has been solved out in [26] as
s1(r) =
r
(d− 1)f(rc)3/2
[
−d
(
1− r
d−1
c
rd−1
)
+ (d− 2)f(r) +
(
2− dr
d−1
c
rd−1
)
f(rc)
]
,
s2(r) =
2r√
f(rc)
(
1− r
rc
)
v(r) = − r
(d− 1)cˆ2srcf(rc)3/2
[
r
(
rdc
rd
− 1
)
+ rcf(rc)
(
1− r
d−1
c
rd−1
)]
t(r) =
2
rh
√
f(rc)r
2
[
h(r)− h(rc) + 1
d
ln
f(r)
f(rc)
]
and h(r) =
rh
r
2F1
(
1,
1
d
, 1 +
1
d
,
rdh
rd
)
, (73)
and the nonvanishing components of g
(1)
µν will be listed in Appendix A. Besides, the first order
corrections of the stress tensor at finite cutoff surface r = rc is given by
T µν(1)c = −2ηcσµν + ζcθPµν , ηc =
rd−1h
16πGd+1Ld−1
, ζc = 0, (74)
where ηc and ζc are the shear and bulk viscosities at the cutoff surface, respectively. Note that
the shear viscosity and the entropy density of the dual fluid at the rescaled cutoff surface with
xi → xiL/rc are η(rc) = r
d−1
h
16πGd+1r
d−1
c
and s(rc) =
rd−1
h
4Gd+1r
d−1
c
, respectively, which both indicate that
the shear viscosity over entropy density of the fluid
η(rc)
s(rc)
=
ηc
sc
=
1
4π
(75)
will not vary as the cutoff surface r = rc moving from the black brane horizon to the asymptotical
boundary of the AdS spacetime.
D. Temperature of acoustic black hole vs. temperature of real black hole
Recall that one of the original motivations for studying acoustic black hole was to mimic the
Hawking radiation, e.g., detecting the Hawking-like temperature of the acoustic horizon. Neverthe-
less, the detection of the former cannot indicate the observation of the Hawking temperature of real
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black holes, in the absence of further evidences such as the dynamical origins. Now using the holo-
graphic construction, the temperature of the acoustic black hole can indeed be connected to that
of it’s dual AdS black brane–a real black hole. Explicitly, the conservation equation ∇cµT µcν = 0,
together with the Euler relation eq.(42) and the first law of thermodynamics eq.(43), of the fluid
at cutoff surface r = rc can be combined into a single equation as
∇cµ ln sc =
(
θ˜u˜µ − cˆ−2s a˜µ
)
+
1
2πTc
(
u˜µu˜
α + cˆ−2s P
α
µ
)∇cβσ˜βα, (76)
which can be further written as
∇cµ ln rh = ∇cµ lnTH = 1
d− 1
(
θ˜u˜µ − cˆ−2s a˜µ
)
+
1
2π(d− 1)Tc
(
u˜µu˜
α + cˆ−2s P
α
µ
)∇cβσ˜βα, (77)
where the expansion is θ˜(xα) = ∇cµu˜µ(xα) and acceleration of the fluid velocity u˜µ(xα) is a˜µ(xα) =
u˜ν(xα)∇cν u˜µ(xα). Since the second part in eq.(76) or eq.(77) are the second order derivative terms
coming from the first order dissipations corrections to the fluid, so when the fluid velocity is slowly
varying (which requires that the fluid at the cutoff surface is close to thermal equilibrium), namely,
its acceleration is small, these subleading terms can be ignored. Besides, using ∇cµu˜ν(xα) =
∂µu˜
ν(xα)+Γνcµλu˜
λ(xα) (where Γνcµλ is the Christoffel connection associated with the induced metric
γµν and it will not be modified up to the first order metric corrections due to the Dirichlet boundary
condition at r = rc), it is straightforward to check that they are respectively related to their
counterparts in eq.(70) as
θ˜(xα) =
θ(xα)√
f (rc, rh(xα))
, a˜µ(x
α) = aµ(x
α) + P νµ∂ν ln
√
f (rc, rh(xα)), σ˜
β
α =
σβα√
f (rc, rh(xα))
.(78)
For the holographic acoustic black hole metric eq.(62), we obtain the relationship between the
temperature of the acoustic black hole Tsh and the dual bulk black brane Hawking temperature
TH at the acoustic horizon z = zsh as
∂z lnTH|zsh =
4π
√
f(rc)(1− cˆ2s )
2(d − 1)f(rc)α2c − d(1− f(rc))(cˆ2s + α
2
c
cˆ2s
)
Tsh
cˆs
, (79)
where the subleading second order derivative terms have been ignored. Eq.(79) has a simple
expression when the cutoff surface going to the AdS boundary rc →∞, then
∂z lnTH|zsh = 2πTshcs. (80)
E. The sound mode/scalar quasinormal mode duality
Recall that when the spacetime background is the static AdS black brane (or in the locally
static frame), the components of metric variation δgµν(r, x
α) (which is the normal mode perturba-
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tion with respect to the original unperturbed background geometry eq.(26)), if letting the mode
propagating along the z-coordinate, are δgtt, δgtz , δgzz, δgrr, δgtr, δgrz and δg
a
a , which will compose
the longitudinal channel of the quasinormal mode (which is the SO(d−2) scalar mode) of the bulk
gravitational perturbation, this requires the SO(d− 2) gauge invariant decomposition of the bulk
linearized gravitational equations. Then the dual operators on the AdS boundary corresponding to
the rest bulk gravitational perturbations are T ttc , T
tz
c , T
zz
c and T
a
ca, from the field/operator corre-
spondence in the gauge/gravity duality. In the long wavelength and low frequency limit, the bulk
scalar channel of the quasinormal modes corresponds to the sound mode fluctuation of the fluid
on the AdS boundary [21]. While in the present case, the bulk gravitational background is the
first order perturbed geometry with hydrodynamic fluctuation eq.(66), then the quasinormal mode
will be obtained by further perturb the perturbed geometry eq.(66). However, the quasinormal
mode perturbation is different with the hydrodynamic fluctuation from the bulk in Section.IVC,
in which the quasinormal mode perturbation (the Lie derivative on metric) can be viewed as the
probe field propagating in the unperturbed geometry, while the bulk hydrodynamic perturbation
(the partial or covariant derivative on hydrodynamic variables) will cause the original geometry be
corrected by higher derivative terms.
To determine the bulk scalar quasinormal mode dual to the phonon (sound normal mode)
scattering in the acoustic black hole eq.(57) formed in the fluid at cutoff surface r = rc, note
that the normal mode perturbation of the fluid at cutoff surface are listed in eq.(49), where δǫc
and δpc are acting on rh, i.e. the temperature of the fluid. From the bulk quasinormal mode
perturbation side, the corresponding metric perturbations at r = rc and at the acoustic horizon
(t = 0, · · · , 0, z = zsh), can be obtained from normal mode variation on the perturbed geometry
eq.(66), which are
δgrt =
δut(z)|zsh
f(rc)
+
dutr
d−1
h
2rdcf(rc)
3/2
δrh, δgrz =
δuz(z)|zsh
f(rc)
+
duzr
d−1
h
2rdcf(rc)
3/2
δrh,
δgtt =
(
θu2t s
′
1(rc) +
θ
d− 1Ptts
′
2(rc) + 2atutv
′(rc) + σttt
′(rc)
)
δrh,
δgtz = δgzt =
(
θutuzs
′
1(rc) +
θ
d− 1utuzs
′
2(rc) + (atuz + azut)v
′(rc) + σtzt
′(rc)
)
δrh,
δgzz =
(
θu2zs
′
1(rc) +
θ
d− 1Pzzs
′
2(rc) + 2azuzv
′(rc) + σzzt
′(rc)
)
δrh,
δgab =
(
s
′
2(rc)− t′(rc)
) θ
d− 1δabδrh, (with a, b 6= t, z), (81)
where ′ is the partial derivative with respect to rh, and δrh = δrh(rc, t, z). The above variables can
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be combined into
Zc = u
2
zδgtt + u
2
t δgzz − 2utuzδgtz +
∑
a
δgaa = θs
′
2(rc)δrh,
or, Zc = −2r
d
cf(rc)
3/2θs′2(rc)
drd−1h
(
utδgrt + u
zδgrz
)
, (82)
which form a gauge invariant scalar field Zc = Zc(rc, t, z)-the sound channel of the bulk quasinormal
mode (thanks to the remaining SO(d− 2) rotational symmetry of the background spacetime).
Together with normal mode perturbation of the longitudinal part of eq.(77), when omitting the
subleading second order derivative terms, it is(
∂µ ln rh +
∂µ
d− 1
)
δuµ(t, z) = −uµ∂µ
(
δrh(rc, t, z)
rh
)
(83)
and variation of eq.(47), the phonon field δψ(t, z) is
δuµ(t, z) =
P νµ∂νδψ(t, z)√−∂αψ∂αψ
(84)
for µ = t, z. Then the one-to-one map between Zc and the phonon δψ(t, z) is(
∂µ ln rh +
∂µ
d− 1
)
P νµ∂νδψ(t, z)√−∂αψ∂αψ
= −uµ∂µ
(
Zc(rc, t, z)
θs′2(rc)rh
)
. (85)
Furthermore, the dual operator of Zc on the asymptotical boundary rc → ∞ is also a scalar
operator Oˆ combined from the components of the boundary stress tensor T tt, T tz, T zz and T aa . In
addition, the boundary stress tensor couples to the source part of the boundary metric via
∫
∂M
T µνγ(0)µν ∼
∫
∂M
OˆZ0. (86)
where Z0 is the source term of Zc and γ
(0)
µν is the source term of the induced metric on the AdS
boundary, respectively. Therefore, there is a duality between the sound channel quasinormal mode
Zc propagating in the bulk perturbed AdS black brane and the phonon δψ scattering in the acoustic
black hole geometry formed from the fluid on the boundary or cutoff surface.
V. CONCLUSIONS AND DISCUSSIONS
In this paper, we realized the holographic description of the acoustic black hole based on the
formalism of the fluid/gravity correspondence. An acoustic black hole geometry formed in the fluid
at finite timelike cutoff surface (membrane) in a neutral boosted black brane in asymptotically
AdS spacetime was constructed, based on the matching between the conservation equation of fluid
21
stress tensor and the constraint equations of the bulk Einstein equation. Besides, it was showed
that the bulk dual of the acoustic black hole is the AdS black brane corrected with first order
hydrodynamic fluctuation. Moreover, we determined the connection between the temperature of
the acoustic black hole and the Hawking temperature of the real AdS black brane in the bulk.
What’s more, we showed that, the phonon field, which comes from the normal mode excitation
of the fluid at the cutoff surface and scatters in the acoustic black hole geometry, is dual to the
scalar field-the sound channel of quasinormal modes propagating in the bulk perturbed AdS black
brane. Therefore, we pointed out that, from the viewpoint of the fluid/gravity duality, the acoustic
black hole formed in the fluid is no longer just an analogous model of the real black hole. The
remarkable connection between the two seemly different systems sheds lights on the study of the
analogous gravitational models, which aim to acquire insights for studying various phenomena in
the presence of gravity, such as the Hawking radiation. According to our results, the appearance of
the acoustic black hole in the fluid located on the finite timelike cutoff surface indeed corresponds
to a modification or perturbation to the geometry of the bulk AdS black brane, and the detecting
of the Hawking-like temperature of the acoustic horizon can indeed give us some information about
the Hawking temperature of the real black brane, at least in the asymptotically AdS or Lifshitz
spacetime cases. There are many interesting related problems to explore such as more on the
duality between the acoustic black hole and its dual bulk AdS black brane, e.g., comparing the
scattering of phonons by the acoustic black hole and the same process of sound channel quasinormal
mode in the bulk AdS black brane, studying the acoustic black hole in the fluid with anomalies,
more about the experimentally testable effect of the temperature of the acoustic black hole on its
dual bulk black hole, the supersonic phenomena in the Quark-Gluon-Plasma, finding the effective
action (such as in [38]) to describe the holographic acoustic black holes, analyzing acoustic black
holes in many other condensed matter systems etc.
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Appendix A: First order metric corrections
The non-vanishing components of the first order metric corrections in eq.(69) are
g
(1)
tt (r, z) =
(
θu2t s1(r) +
θ
d− 1Ptts2(r) + 2atutv2(r) +
(
utat − θ
d− 1Ptt
)
t(r)
)
,
g
(1)
tz (r, z) = g
(1)
zt (r, z) =
(
θutuzs1(r) +
θ
d− 1Ptzs2(r) + (atuz + azut) v2(r)
+
(
1
2
(uzat + ∂zut + utaz)− θ
d− 1Ptz
)
t(r)
)
,
g(1)zz (r, z) =
(
θu2zs1(r) +
θ
d− 1Pzzs2(r) + 2azuzv2(r) +
(
uzaz + ∂zuz − θ
d− 1Pzz
)
t(r)
)
,
g
(1)
ab (r, z) =
(
s2(r)− t(r)
)
θ
d− 1δab (with a, b 6= t, z), (A1)
where at the acoustic horizon z = zsh, we have
ut =
1
αc
√
f(rc)
, uz =
cˆs
αc
,
θ = ∂zu
z = − 2πTsh
αc
√
f(rc)
+
dcˆsr
d−1
h
2αcf(rc)rd
∂zrh|zsh ,
at = u
z∂zut = −2πcˆ
2
sTsh
α2c
+
dcˆ3sr
d−1
h
2α2c
√
f(rc)rd
∂zrh|zsh ,
az = u
z∂zuz = − 2πcˆsTsh
α2c
√
f(rc)
+
dcˆ2sr
d−1
h
2α2cf(rc)r
d
∂zrh|zsh . (A2)
Appendix B: 3-dimensional relativistic rotating acoustic black hole
For simplicity we focus on 3-dimensional irrotational fluid and adopting the polar coordinates,
then eq.(51) is written as (omitting the conformal factor)
ds2ac ∼ −
(
cˆ2sf(rc)− α2c ¯˜u2i
)
dt2 + 2α2c ¯˜u0 (¯˜u̺d̺+ ¯˜uϕdϕ) dt+ α
2
c (u˜0̺d̺+ u˜0ϕdϕ)
2
+̺2dϕ2 + d̺2, (B1)
with ¯˜uµ =
√
f(rc)γ(1,−a̺ , b), where a and b are constants. Eq.(B1) is just the relativistic coun-
terpart of the 3-dimensional rotational acoustic black hole formed in the draining bathtub. When
putting the cutoff surface to the AdS boundary and taking the non-relativistic limit, eq.(B1) re-
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duces to the known result
ds2ac ∼ −
1
2
(
1− a
2 + b2
̺2
)
dt2 − a
̺
d̺dt+ bdϕdt+ ̺2dϕ2 + d̺2 (B2)
that was studied in [27].
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